This paper considers the problem of portfolio selection using high-frequency financial time series. Such time series often exhibit the stagnation effect when the assets' returns are not changing. This effect causes a lot of unusual difficulties in the analysis and modelling of such series. In classical statistics, when the distributional law has two first moments, i.e. mean and variance, the relationship between the two random variables is described by the covariance or correlation. However, if the financial data follow the stable law, and empirical studies often support this assumption, covariance and especially correlation often cannot be calculated. In this work, alternative relation measures are applied to deal with the portfolio selection problem using the mixed-stable modelling. The modelling is applied to the high-frequency financial time series obtained from the German DAX index intra-daily data. The performance of the mixed-stable model is compared with alternative approaches. The portfolio selection problem is formulated as the optimization problem, with covariances replaced by the generalized power-correlations. The results of the portfolio selection strategy without the relationship coefficients matrix are also presented.
Introduction
The obvious wish of any financial investor is to know how to select the financial assets into a portfolio such that the expected return is maximized for a chosen level of risk. Mathematical foundation for this problem was laid by H. Markowitz in 1952 with his classical portfolio selection model [22] . It has gained a wide recognition as a basis of the modern portfolio theory. However, since its introduction, it has drawn a lot of criticism that its assumptions do not match the real financial markets. Over the years, a lot of alternative and more refined models have been proposed (see, e.g., [7, 8, 9, 19, 20] and references therein).
One of the main points of criticism is that the modern portfolio theory assumes that portfolio returns are normally distributed. However, the real-world financial data often do not follow this assumption. Their behaviour is characterized by such features as skewness, kurtosis, heavy tails, self-similarity and multifractality [28, 29, 34, 35] .
During the last decades numerous alternatives have been proposed: the mixture of normals by Kon (1984) [17] , the compound log-normal and normal distribution by Clark (1973) [5] , the mixed diffusion-jump model by Press (1967) [27] , the logistic distribution by Smith (1981) [32] , the scaled-t distribution by Praetz (1972) [26] , the exponential power distribution by Hsu (1982) [11] , the normal-inverse Gaussian distribution [2] by Barndorff-Nielsen (1995), etc. Stable distribution proposed by Mandlebrot (1963) and Fama (1965) has received special attention due to its unique properties [28, 29] . A summary of the literature covering history and properties of these models is presented in [1, 31] and references therein.
In this work, a long time series of high-frequency financial data are considered. The performance of several aforementioned models is considered and compared with the mixed-stable model [14] . However, at this point, it needs to be noticed that although probabilistic/statistical methods are by far the most popular in the analysis of financial time series, there are other approaches as well.
The statistical approach is restricted in determining the underlying dynamics of the assets' price evolution. Some recent studies show the presence of nonlinear dependence and deterministic chaos in the real-world financial time series [23, 30] . This leads to the increasing interest in an alternative approach when high-frequency financial time series are obtained from the chaotic finance systems [16, 21] . Interestingly, in a chaotic system, large and apparently random price fluctuations are caused by the internal dynamics of the system and not by external random (unpredictable) shocks.
This paper continues the research on application of stable distribution laws for modelling of financial data [4, 14] . The main subject of this research, high-frequency financial series, often exhibit the stagnation effect when the stock prices do not change over certain periods of time. Such a behaviour is often observed for smaller companies and in developing financial markets. This effect causes a lot of unusual difficulties in the analysis and modelling of high-frequency financial time series. Mixed-stable model has been proposed to deal with this feature of modelled data (see [12] ).
The application of the mixed-stable model for the analysis of large sets of high-frequency financial data and the insufficiency of the classical Gaussian as well as standard α-stable models has been demonstrated in [14] . This approach is computationally very demanding, especially for long financial series. However, the application of parallel computing makes it both precise and practical, as it has been shown in [3, 4] .
The main contribution of this paper is in application of mixed-stable modelling approach for the solution of portfolio selection problem. It is clear that in a financial portfolio management it is essential to determine relationships between different stock returns. According to classical statistics, the relationship between returns is described by the covariance and correlation, when the data are assumed to have finite first and second moments. However, if financial data follow the infinite-variance distribution, and empirical studies often support this assumption [31, 36] , the classical Markowitz portfolio selection model [22] becomes inapplicable.
In this work, the generalized Markowitz portfolio selection model is formulated by using the generalized power-correlation measures, proposed by Belovas et al. [13] . Optimal financial portfolios of nine German DAX index stocks are constructed, using the high-frequency data series and estimated parameters of mixed-stable models. Results of the portfolio selection strategies with and without relationship coefficients matrix are presented.
The rest of the paper is organized as follows. Section 2 presents the modelling methodology and financial data used in this study, briefly introducing stable and mixed-stable models as well as alternative approaches with finite-variance distributions. In Section 3, the performance of mixed-stable model is compared with these alternative approaches, modelling the high frequency financial data under consideration. In Section 4, the relationship (generalized power-correlation) measures are described and obtained for stocks of nine companies of German DAX index. Section 5 is devoted to the portfolio selection problem. Portfolio selection models with and without relationship coefficients matrix are formulated and results of the modelling are presented. Some conclusions are drawn in Section 6.
Data and models
In this work, the problem of portfolio selection is considered using the high-frequency trading data of nine stocks listed in German DAX index (a blue chip stock market index consisting of the 30 major German companies). Intra-daily trading data were used for the period from January 2, 2007 to December 28, 2007 with Table 1 Empirical moments of high-frequency series of DAX stocks returns with time step of 16 minutes all financial transactions of corresponding stocks.
Before the analysis, raw non-homogeneous intra-daily trading data were aggregated into the equally-spaced homogeneous intra-daily time series of stock returns with different time steps. The aggregation was done with the previous-tick interpolation, since the linear interpolation relies on the future information, whereas the previous-tick interpolation is based on the information that is already known [6] . Having obtained equally-spaced price series, one can calculate the corresponding series of logarithmic returns
As was already discussed, the time series observed in the finance often deviate from the Gaussian model. This is also true for the high-frequency financial data [6] and the German equity market returns [10, 33] . Statistical analysis performed in this study has also demonstrated that the obtained financial data series are asymmetric. The empirical kurtosis shows that the density functions of these series are more peaked than the Gaussian density functions. In Table 1 , the results of such analysis are presented for high-frequency time series obtained with the time step of 16 minutes for stocks of nine DAX companies under consideration.
High-frequency financial data have some unusual properties. They can contain a high percent of observations with no price change, i.e. in a high-frequency time series, a large number of returns is equal to zero. The yearly time series that are used in this study contain between two and twenty percent of zeros with the time step of 16 minutes. To deal with this stagnation effect, the mixed-stable model [12, 14] is employed.
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Next, the stable and mixed-stable models are briefly presented for the sake of self-containment of this paper. Several alternative non-Gaussian modelling approaches are also presented to be compared with the mixed-stable model in Section 3. These alternative non-Gaussian models have finite-variance distributions. This would allow us to stay within the standard mean-variance approach [22] solving the main problem of this study, i.e. portfolio selection problem. Some studies claim that finite-variance models can outperform the stable distribution [36] .
Stable and mixed-stable models
As is known, the probability density function of a stable distribution cannot be written analytically in general, except for a few special cases [29] . Therefore, it is usually described by its characteristic function ( ; , , , ) t ϕ α β σ µ , which depends on four parameters:
is the stability index, [ 1, 1] β ∈ -is the skewness parameter, > 0 σ is the scale parameter, µ ∈  is the location or shift parameter. In financial modelling it is usually observed that > 1 α [28] . More on stable distributions and their properties can be found in [29] .
In this work, the maximum likelihood method [15] is used to estimate the parameters of the selected models. It is known to be the most accurate method for the evaluation of parameters of a stable model [25] . According to this method, the vector of stable parameters = ( , , , ) α β µ σ Θ is estimated from the set of returns { } k X by maximizing the log-likelihood function:
where
Note that precise and fast calculation of ( , ) k p X Θ values in the optimization target function (2) is a non-trivial task. In this work, the improper integral of probability density function (3) was evaluated using the methods developed and approved in previous works [3, 4] .
As was already discussed, to deal with the stagnation effect in modelled data, i.e. zero returns, the mixed-stable model is employed [12] . The probability density function of a mixed-stable distribution is defined in the following way:
where ( , ) p x Θ is the probability density function (3) of a α -stable distribution (1) is the index of stagnation. See [14] for more details on the mixed-stable model and its properties.
Parameters of the mixed-stable model (6) can be estimated by maximizing the following likelihood function:
is a set of non-zero returns, obtained by excluding k zero returns from the initial set
of returns, obtained from high-frequency data by the previously described procedure.
The local optimization of the first factor (1 )
The optimization of the second factor in (7) is equivalent to the optimization of the log-likelihood function (2) of the stable distribution with the set
of non-zero returns. As in previous works [3, 4] , the log-likelihood function (2) is optimized using the Nelder-Mead method [24] . Even though this method is not the fastest one, it is very robust and does not require any derivative (gradient, Hessian) calculation, which is problematic for the considered target function. Next, five alternative finite-variance distributions for the modelling of stock returns are briefly presented: the mixed diffusion-jump model, the scaled-t distribution, the mixture of normals distribution, the logistic distribution and the normal-inverse Gaussian distribution.
Mixed diffusion-jump model
A process, which mixes the Brownian motion and a compound Poisson process, was introduced by Press (1967) [27] to model the stock prices: 
. The probability density function for this process is given by
This model has five parameters:
which were evaluated using the maximum likelihood method. In this work, the infinite sum in definition of density function (10) was truncated up to twelve terms, what is considered accurate enough for practical purposes [31] . Kon (1984) [17] has proposed to use a mixture of normals to model stock returns. In this work, the mixture of two normals:
Mixture of normals
N µ σ is considered with probabilities p and 1 p -, accordingly. The probability density function of such mixture is given by
Note that this model also has five parameters: p, 1
σ , which will be evaluated using the maximum likelihood method in Section 3.
It has been reported that the mixture of exactly two normals is showing the best results in this family [36] . Note that the mixture of two normal distributions allows skewness in the data.
Scaled-t distribution
This model was originally proposed by Praetz (1972) [26] and over the years has yearned significant recognition in modelling of stock returns [1] . The probability density function of the scaled-t distribution is given by
Here R µ ∈ is the location parameter, > 0 σ is the scale parameter, and > 2 ν is the degrees of freedom parameter. This distribution is known to have heavier tails than the normal distribution. This finite-variance model has three parameters, which were evaluated by the maximum likelihood method. Smith (1981) [32] has first proposed to use this distribution to model stock returns. This model was tested in several studies with different data [1] . The probability density function of the logistic distribution is given by where R µ ∈ is the location parameter and > 0 σ is the scale parameter. The logistic distribution has similar shape to the normal distribution but has heavier tails (higher kurtosis). This model has only two parameters, which were evaluated by the maximum likelihood method.
Logistic distribution

Normal-inverse Gaussian distribution
Barndorff-Nielsen (1995) [2] has proposed to use the normal-inverse Gaussian distribution to model stock returns. The probability density function of this distribution is given by ( )
Here 1 K denotes the modified Bessel function of the third kind, R µ ∈ is the location (shift) parameter, > 0 σ is the scale parameter. Parameter α describes the tail heaviness and β is the asymmetry parameter.
The family of normal-inverse Gaussian laws is a very flexible system that includes heavy-tailed and skewed distributions. This model has four parameters, which were evaluated by the maximum likelihood method.
Results of the modelling
First, the parameters of the mixed-stable (MS) model were estimated by the maximum likelihood method for the time series of returns of nine DAX stocks, obtained from the high-frequency data with time step of 16 minutes (∆t = 16). The obtained parameters are presented in Table 2 . All these parameters were obtained using twelve digits accuracy of calculation of probability density function (3) and eight digits accuracy of maximum likelihood optimization (2).
However, there appears to be a problem when trying to test the adequacy of the constructed models. Since the mixed-stable model has a discontinuous distribution function, the classic methods, e.g. Kolmogorov-Smirnov or Anderson-Darling tests [15] , cannot be applied. In this work, all constructed mixed-stable models were tested using the Koutrouvelis goodnessof-fit test [18] , which is based on the empirical characteristic function. As can be seen from Table 8 , none of the nine constructed models was rejected. These results provide additional trust in the descriptive power of stable laws for modelling financial data, including the high-frequency intra-daily data as in the considered case. Next, the selected models with finite-variance distributions have been tested in dealing with the considered data. Five parameters of the mixed diffusion-jump (MDJ) model were estimated by the maximum likelihood method for the time series of returns of nine DAX stocks, obtained from the high-frequency data with time step ∆t = 16 min. The obtained parameters are presented in Table 3 . All nine constructed mixed diffusion-jump models were tested with Kolmogorov-Smirnov goodness-of-fit test. As can be seen from Table 8 , all nine models were rejected, which suggests that this model in incapable of describing considered data. Five parameters of the mixture of two normals (MN) model were estimated by the maximum likelihood method for the time series of returns of nine DAX stocks, obtained from the high-frequency data with time step ∆t = 16 min. The obtained parameters are presented in Table 4 . All nine constructed mixture of two normals models were tested with Kolmogorov-Smirnov goodness-of-fit test. As can be seen from Table 8 , all nine models were rejected.
Three parameters of the scaled-t model were estimated by the maximum likelihood method for the time series of returns of nine DAX stocks, obtained from the high-frequency data with time step ∆t = 16 min. 0.001 Table 4 ML estimates of MN parameters for DAX data series with time step ∆t =16 min
The obtained parameters are presented in Table 5 . The adequacy of constructed scaled-t models was tested with Kolmogorov-Smirnov goodness-of-fit test. As can be seen from Table 8 , scaled-t models for stock returns of two DAX companies (BASF SE and Münchener Rück) were rejected. Scaled-t models for seven other DAX stocks were not rejected.
Two parameters of the logistic model were estimated by the maximum likelihood method for the time series of returns of nine DAX stocks, obtained from the high-frequency data with time step ∆t = 16 min. The obtained parameters are presented in Table 6 . The adequacy of the constructed logistic models was tested with Kolmogorov-Smirnov goodness-of-fit test. As can be seen from Table 8 , all nine models were rejected.
Four parameters of the normal-inverse Gaussian (NIG) model were estimated by the maximum likelihood method for the time series of returns of nine DAX stocks, obtained from the high-frequency data with time step ∆t = 16 min. The obtained parameters are presented in Table 7 . The adequacy of constructed normal-inverse Gaussian models was tested with Kolmogorov-Smirnov goodness-of-fit test. As can be seen from Table 8 , normal-inverse Gaussian models for stock returns of five out of nine considered DAX companies were rejected. The results of all tests for adequacy of constructed models with finite-and infinite-variance distributions are presented in Table 8 , where '-' stands for 'rejected' and '+' stands for 'not rejected'. As one can see from Table 8 , mixed diffusion-jump, mixture of two normals, and logistic models performed poorly dealing with the high-frequency intra-daily financial data considered in this study. Four-parameter normal-inverse Gaussian distribution described empirical data worse than three-parameter scaled-t model. The latter models lead us to equivocal results. Only the mixed-stable distribution has properly described returns of all financial series. However, these results for finite-and infinite-variance distribution families call for more in-depth research with different adequacy tests and especially with diverse financial data samples (e.g. pre-and post-crash), since outliers induce heavy tails.
Relationship measures
The modern portfolio theory provides a mathematical foundation for the management of financial portfolios. It quantifies the effect of diversification, i.e. selection of various financial assets into a portfolio. Even though this effect is naturally understandable to all kinds of investors, it is difficult to model. It is clear that the performance of the portfolio selection model [22] critically depends on the correct estimation of relationship between different stocks. In classical statistics, when the distributional law has two first moments, i.e. mean and variance, the relationship between the two random variables is described by the covariance or correlation. However, if the financial data follow the stable law, and this study supports this assumption, covariance and correlation often cannot be calculated. For the considered data, the index of stability is 1 < < 2 α (see Table 2 ) and the variance does not exist.
In this work, generalized power-correlation measures proposed by Belovas et al. [13] are employed to describe the relationship between different DAX stocks. The generalized power-correlation measure is defined as a function of two stable random variables X and Y: In this work, performance of three different standardizations [13] is tested for the considered data: ρ , , = 1, ,9
i j  ) are presented in Table 9 .
Absolute deviation standardization. Centering and normalizing constants ( A µ and A σ respectively) are set to be equal to the mean and absolute deviation of corresponding random variables. This standardization is applicable in the case 1 < < 2 γ , i.e. when the mean exists.
Next, using the mixed-stable models from Table 2 i j  ) are presented in Table 10 .
Median deviation standardization. Centering constant M
µ is set to be equal to the median of the corresponding random variable. Normalizing constant M σ is set to be equal to the median of absolute deviation of the corresponding random variable. This standardization is also applicable in the case < 1 γ , i.e. when the mean does not exist.
Finally, using the mixed-stable models from Table 2 As Tables 9-11 indicate, all three standardizations are producing very similar results for the considered data. The differences between obtained matrices of generalized power-correlation measures are small (in the third significant digit): (16) Similarly to the Pearson correlation coefficient, the generalized power-correlation measure (15) indicates the strength of a linear dependence between the two random variables. However, in the general statistical practice, both coefficients are used to indicate the departure of two variables from independence. Table 9 Generalized power-correlation measures with universal standardization 
Portfolio selection
High-frequency financial data considered in this study follow the infinite-variance distribution. Hence, the classical Markowitz portfolio selection model [22] is inapplicable. Next, two strategies for portfolio selection are formulated and considered.
The portfolio selection strategy with the relationship coefficients matrix
For the considered data, the portfolio selection problem can be formulated as a generalized Markowitz optimization problem [19] replacing the covariance matrix by the matrix of generalized power-correlation measures (15) The optimal portfolios were obtained for all the three relationship matrices of generalized power-correlation measures with universal, absolute deviation and median deviation standardizations (see Tables 9-11 ). The obtained optimal weights are presented in Table 12 . Table 12 Optimal portfolios constructed with and without relationship coefficients As can be expected from the small differences in the relationship matrices, differences between the optimal weights are also very small. As can be seen from Table 12 , the choice of standardization is not significant for the data considered in this study. However, this issue is still worth further investigation.
The portfolio selection strategy without the relationship coefficients matrix
The portfolio selection problem can be formulated without the relationship matrix. In the case of stable distribution, the portfolio selection problem may be formulated with the following objective function [28] : To find an optimal portfolio the following optimization problem must be solved: (17) and (19) , one will obtain portfolios with a fixed return P µ .
In this work, the optimization problem (19) was solved using the high-frequency data of nine DAX stocks. Obtained optimal weights are presented in the last column of Table 12 . A noticeably different structure of the portfolio was obtained if comparing to the solutions of the problem (17) . Interestingly, some stocks were actually excluded from the optimal portfolio.
Conclusions
Historically, Gaussian models were applied to the portfolio optimization problem for a long time. However, it has been shown many times in various studies that the stock price returns often do not follow the
